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Abstract 

In the Randall-Sundrum brane-world scenario and other non-compact Kaluza-Klein theories, 
the motion of test particles is higher-dimensional in nature. In other words, all test particles 
travel on five-dimensional geodesies but observers, who are bounded to spacetime, have access 
only to the AD part of the trajectory. Conventionally, the dynamics of test particles as observed 
in AD is discussed on the basis of the splitting of the geodesic equation in 5D. However, 
this procedure is not unique and therefore leads to some problems. The most serious one is 
the ambiguity in the definition of rest mass in 4D, which is crucial for the discussion of the 
dynamics. We propose the Hamilton-Jacobi formalism, instead of the geodesic one, to study 
the dynamics in 4D. On the basis of this formalism we provide an unambiguous expression 
for the rest mass and its variation along the motion as observed in AD. It is independent of 
the coordinates and any parameterization used along the motion. Also, we are able to show a 
comprehensive picture of the various physical scenarios allowed in AD, without having to deal 
with the subtle details of the splitting formalism. Moreover we study the extra non-gravitational 
forces perceived by an observer in AD who describes the geodesic motion of a bulk test particle 
in 5D. Firstly, we show that the so-called fifth force fails to account for the variation of rest 
mass along the particle's worldline. Secondly, we offer here a new definition that correctly takes 
into account the change of mass observed in AD. 
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1 Introduction 



The possibility that our world may be embedded in a (4 + d) -dimensional universe with more than 
four large dimensions has attracted the attention of a great number of researchers. 

In higher-dimensional theories of gravity with large extra dimensions, the cylinder condition of 
the old Kaluza-Klein theory is replaced by the conjecture that the ordinary matter and fields are 
confined to a four-dimensional subspace usually referred to as "3-brane" j^-IH]- In these theories 
gravity is a multidimensional interaction that propagates in all dimensions. Randall and Sundrum 
showed, for d = 1, that there is no contradiction between Newton's law of gravity in AD and the 
existence of more that four non-compact dimensions if the background metric is nonfactorizable 
This has motivated a great deal of active interest in brane-world models where our AD 
universe is embedded in a five-dimensional non-compact space (6]-|15j. 

Another non-compact theory of our universe is the so called space-time-matter (STM) theory. 
In STM the conjecture is that the ordinary matter and fields that we observe in AD result from 
the geometry of the extra dimension 

Although brane theory and STM have different physical motivations for the introduction of a 
large extra dimension, they share the same working scenario, lead to the same dynamics in AD, 
and face the same challenges PIF. Among them, to predict observationally testable effects of the 
extra dimension. 

The nontrivial dependence of the spacetime metric on the extra coordinate, allowed in both 
brane-world and STM, implies that the motion of test particles is higher-dimensional in nature. In 
other words, all particles travel on five-dimensional geodesies but observers, who are bounded to 
spacetime, have access only to the AD part of the trajectory. 

The question of how such an observer, who is unable to access the bulk, perceives the higher- 
dimensional motion of a test particle has widely been discussed in the literature The 
discussion is typically based on the dimensional reduction of geodesies in 5D. This approach puts 
forward the possibility of interesting consequences. 

(i) Massless particles in 5D, with not trivial motion along the extra dimension, are observed as 
massive particles in AD. 

(ii) The rest masses of particles vary as they travel on 5D geodesies. 

(iii) There is an anomalous acceleration in AD due to the fifth dimension, or equivalently a 
"fifth" force. 

However, the geodesic approach presents a number of drawbacks. The most important one is 
that the mass of the particle appears nowhere in the geodesic equation. In this picture, the rest 
mass in AD is a result of the dimensional reduction of the 5D geodesic. The other serious drawback 
is the ambiguity associated with the choice of affine parameters used to describe the motion in 
AD and 5D. Indeed, this ambiguity results in multiple expressions for the particle mass, which in 
general vary along the particle's worldline. This point was firmly established by Seahra and Wesson 
inRef. |2Z1 

It is clear that the lack of a proper and unambiguous definition for the rest mass, as measured 
in AD, crucially affects the applicability, and credibility, of the statements (i)-(iii) mentioned above. 
The object of this paper is to remedy this situation. Our first goal is, therefore, to obtain a definition 
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of rest mass in which is independent of the choice of coordinates and geodesic parameters. 

In this work we provide a unified approach for the discussion of the dynamics of test particles 
in five-dimensional manifolds like those used in brane-world, STM and other non-compact theories. 
We will discuss (i) the effective rest mass, (ii) the trajectories, and (iii) the forces acting on test 
particles as observed in 4L>. 

In section 2, we present the invariant definition for the rest mass measured in 4Z?. It is based on 
the invariance of the square of the four-momentum and the Hamilton- Jacobi formalism of Classical 
Mechanics. This formalism allows us to produce a practical equation for the computation of rest 
mass, as observed in AD, which is completely free of the ambiguities associated with the parameters 
used in the geodesic approach. This is consistent with the requirement that observables in 4D should 
be invariant under arbitrary transformations in 5D |32j . This is important for the experimental or 
observational verification of the theory. 

We combine results from the geodesic and the Hamilton-Jacobi methods, in order to provide the 
general equations for the variation of rest mass as observed in 4Z). We also address the question of 
under what circumstances a massless 5D particle appears as massive in 4D. Our approach allows 
us to give an unambiguous answer to this question. 

Another great advantage of the Hamilton-Jacobi approach is that this equation is a "scalar" 
one. Thus, we do not have to deal with the subtle details of dimensional reduction in order to get 
the adequate four-dimensional interpretation of the motion in 5D. In section 3, we discuss this 
and, with the purpose of illustration of the various physical options in 4Z), we examine the motion 
of test particles in a specific cosmological setting. 

The geodesic motion in the five-dimensional manifold is observed in AD to be under the influence 
of an extra non-gravitational force. There are two different versions for this force in the literature. 
The first one is sometimes called "fifth force". It is given in terms of a four-dimensional quantity 
which presents properties atypical of four- vectors jT2j, |21j-j24j. As a matter of fact, it is not a 
four-vector. This has been shown by the present author and confirmed independently by Seahra 
[2S1 using another approach. 

The second version for this force was presented by this author and exhibits the appropriate 
vectorial behavior, but it does not take into account the variation of rest masses |2^, |33j . 

In section 4, we show another unexpected property of the fifth force. Namely, that it is not 
related to the change of rest mass in 4L>. We show this by using a simple example where the rest 
mass is constant and yet the fifth force is not vanishing. Again, this drawback is a result of the 
lack of a proper definition for rest mass in 4Z). 

Here we extend our former definition for the extra non-gravitational force to the case of variable 
rest mass. Our advantage now is that we have explicit formulae for the variation of mass, they are 
presented in section 2. We combine this with some other results to construct an expression for the 
extra force whose component parallel to is totally attributable to the change of rest mass in 4D. 
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2 The rest mass observed in 4D 



The object of this section is to present an invariant definition for the rest mass as measured in iD. 
Our approach is based, not on the geodesic equation, but on the invariance of the square of the 
four-momentum and it is equivalent to the Hamilton- Jacobi formalism of Classical Mechanics. 

Firstly, we discuss the attempts to relate the rest mass of particles to the extra coordinate. 
Secondly, we use this interpretation as a guide to single out the four-momentum in spacetime 
from the momentum in 5D. Finally, we show how the rest mass in 4D varies along the observed 
trajectory in spacetime. 



2.1 Geometrical description of rest mass in AD 

There have been a number of attempts to interpret the rest mass, of uncharged test particles in 
4D, in terms of the extra coordinate in 5D jl7j . 

The justification for this interpretation comes from the geodesic motion in the five-dimensional 
background described by the metric 

dS^ = ^Of^uix", y)dx^dx'' - dy^, (1) 

where gf^i, is interpreted as the metric of the spacetime, and y is the "extra" coordinate. The 
0-component of the five-dimensional geodesic equation gives 

d_(y^ _ y"^ ^g^^dx^'dx'' 

ds [l^^'^^ ds )~ 2L2 dt ds ds ■ ^ ' 

For the case of a static spacetime, {dg^y/dt) = 0, the quantity in parenthesis is a constant of 
motion. Besides, one can always choose coordinates such that g^j = because a static spacetime 
should be invariant under the transformation t — > —t. Thus ((2} reduces to 

{y/ )\^9oo ^ _ ^3^^ 



Vl^^/l - {Ldy/ydsY 
For geodesic motion with dy/ds = 0, the above constant quantity coincides with the energy £ 



rrin 



/goo/ — v'^, provided we set 



mo = (^) y. (4) 

This expression constitutes the basis for interpreting the extra coordinate as the AD rest mass. 
However, it crucially relies upon the assumptions made on the five-dimensional metric, and the 
character of the motion in 5D. In particular that the motion is confined to the hypersurface 
y = const (or dy/ds = 0). Therefore, the only sound conclusion that seems to follow from Q is 
that, such a motion in 5D is observed in AD, as a particle of constant rest mass mo = / LC)y. 

Although the direct identification of the rest mass with the coordinate y is dubious, for the case 
under consideration, the equation @ is mathematically correct. We will use it below to get the 
appropriate connection between the AD part of the five-dimensional momentum and the momentum 
measured by an observer in AD. 
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2.2 Invariant description of rest mass in AD 

We now proceed to discuss the concept of rest mass in AD, not in terms of the properties of particular 
systems of coordinates, but in terms of the invariant definition provided by the normahzation of 
the four-momentum. 

In what fohows we wih consider the background 5D metric 

dS^ = n{y)g^,{xP,y)dx^'dx^ + e^\xP,y)dy\ 

= n{y)ds^ + e^\xP ,y)dy\ (5) 

Where is called "warp" factor and satisfies the obvious condition that O > 0, and the factor 
e can be —1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively. 
The line element © is more general than the canonical metric and encompasses all the metrics 
generally used in brane- world and STM theories. 

Some specifics technical details of the discussion, but not the invariant character of mo, depend 
on whether the test particle in bD is massive or massless. We therefore approach these two cases 
separately. 

2.2.1 Effective rest mass in 41? of massive particles in 5D 

Let us consider a massive test particle moving in the five-dimensional metric ©• The momentum 
of such a particle is defined in the usual way, namely. 



P^PA = Mf,., (7) 



where M(5) is the constant five-dimensional mass of the particle and U"^ = {dx^^ / dS , dy / dS) is the 
velocity in 5D. Thus U^Ua = 1 and 

'(5)' 

where the five-dimensional index is lowered and raised with the 5D metric. 

The five-dimensional motion is perceived by an observer in 4D as the motion of a particle with 
four-momentum p^. Consequently, the effective rest mass in AD is given by 

PaP" = ml, (8) 

here the four-dimensional indexes are lowered and raised by the spacetime metric g^i,. Because of 
the absence of cross terms in the AD components of Pa and P^ (i-e., ^ = 0, 1, 2, 3) are already 
"projected" onto spacetime. 

The question is how to identify or with the four-momentum or p^ in 41). For = 1, 
there is only one possibility, namely p^ = P^, p^ = P^. Otherwise there are two alternatives; either 

(i) Pf, = p^, = np'', or (ii) = p^, p^ = n-^p^. 

For the first alternative, from ©, and (jS)), we get^ 
ml+ ^{y)PAP^ = niy)Mf,y (9) 



^Had we assumed — ^yW{y)P|x, instead of p^j ~ Pfj,, we would have to replace Q ^ — QW everywhere. This 
is therefore equivalent to introduce another warp factor, without fundamental changes. 
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If the five-dimensional motion is confined to y = yo = constant, then = and 

mo = \/l^(yo)M(5). (10) 

Thus, for n = y^/L'^ we recover with M^s) = £/C. 

The second alternative, in the case of P4 = and Q = / , leads to a "wrong" relation 
between mo and y, namely mo ~ y~^. Consequently, the correct identification is = P^. 

Now, in order to obtain equations of practical use from the above formulae, let us introduce the 
action 5 as a function of coordinates, viz., S = S'(x'^,y). Then, substituting —dS/dx'^ for P^j and 
—dS/dy for P4 in ((TJ, we obtain the Hamilton- Jacobi equation for a test particle in 5D 

If we solve this equation, then by virtue of the identification pa = Pa and (jHI we are able to compute 
the rest mass measured in 4D as 

which is the Hamilton- Jacobi equation for the motion in 4:D. Also, following standard procedure 
we find the trajectory in 5D and the one perceived by an observer in 4L). 

In the above scheme the action 5 is a truly higher-dimensional quantity. It carries all the details 
of the motion in 51? and (|12j) acts as the "device" that transports the information from 5D to AD 
in an invariant way. In the next section we provide explicit illustration of this procedure. 

The relation between the rest mass in 4D and 5D is given by 



mo = 'v/i7Af(5) 



n \dsj 



-1/2 



(13) 



This equation shows how the motion along y affects the rest mass measured in iD. It is the 
five-dimensional counterpart to m = mo[l — v"^]'^^"^, for the variation of particle's mass due to its 
motion in spacetime. The behavior of mo depends on the signature of the extra dimension. 

Timelike extra dimension: For e = +1, the observed AD rest mass decreases as a consequence 
of motion along y. Therefore, it cannot take arbitrary large values, i.e., 

< mo < \/?^M(5). (14) 

Spacelike extra dimension: For e = —1, it is the opposite and 

V^-M'(5) < mo < 00. (15) 
Also, a timelike extra dimension puts no restriction on (dy/ds), while for a spacelike \dy/ds\ < 
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Let us now use the geodesic equation in 5D. The 4-component of this equation gives 
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dS 2 dy dS dS ' ^'^ dy \dS ) ' ^^^^ 
From this equation, after using © and we get 

mo ds 20 ^ dy \ds J ^ 

where is the usual four-velocity of the particle, viz., = (dx^/ds). Also, for the variation of 
the effective rest mass 

1 dmo 1 . ^dg^udy e^>u^ 9$ f dyV 

; — = —-^^ u o -r H t^t: — \ -r i ■ (1°) 

tuq ds 2 oy ds il oxi^ \ds J 

The above equations can be expressed, if desired, in terms of the extrinsic curvature of the y = const. 
hypersurfaces. Indeed, the normal unit vector (riyin"^ = e), orthogonal to these hypersurfaces is 
given by 

n^ = ^, nA = (0,0,0,0,6$). (19) 
Thus, the extrinsic curvature Kab = t^A\B becomes 

^.. = ^^^> i^44 = i^4. = 0. (20) 

2.2.2 Effective rest mass in 4L> of massless particles in bD 

Let us now consider a massless test particle moving in the five-dimensional metric © • The equation 
of motion for such a particle is the Eikonal equation, which differs form the one of Hamilton-Jacobi 
in that M(5-) = 0. Also, in © the derivatives M(j^-^d/dS have to be replaced by d/dX, where A 
is the parameter along the null geodesic 1341. 

The motion of massless particles is along isotropic geodesies, for which dS = 0. Therefore 

Qds"^ = -e^^dy^. (21) 

Is clear that the signature of the extra dimension plays an important role here. 



Timelike extra dimension: For e = -|-1, there is only one physical possibility. From H13|l it 
follows that mo = 0. That is, massless particles in the so-called two-time 5D metrics |35j-|40j are 
perceived as massless in AD, they cannot be observed as massive particles in AD. In addition, from 
© we get P4 = 0, i.e., their motion is confined to hypersurfaces y = constant. 
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Spacelike extra dimension: For e = —1, there are two physical possibihties: 

(i) If the massless particle in its motion in 5D has non- vanishing velocity along y, namely 
dy/ds = then it is perceived as a massive particle {ds^ > 0) by an observer in AD. 

(ii) If the motion of the massless particle in 5D is confined io y = const, then it is observed as 
massless {ds = 0) particle in AD. 

The above discussion can be summarized as follows: null geodesies in 5D appear as timelike 
paths in AD only if the following two conditions are met simultaneously: the extra dimension is 
spacelike, and the particle in its five-dimensional motion has P4 7^ 0. Otherwise, a null geodesic in 
5D is observed lightlike particle in AD. 

From ®, with M(5) =0, e = — 1 and = dy/dX, we obtain 

mo = VU'^^ = -^P.. (22) 
On the other hand, from (PT|) it follows that dy = {\/n/^)ds. Consequently, 

dX= ( —] ds. (23) 

\moJ 

From this and the 4-component of the geodesic equation we obtain 

1 dp^ 1 d{ng^,) ^ , 1 a$ 

L tir^ii 



niQ ds 20 dy <I> dy 

Now, the variation of rest mass is obtained from (|22() as 

1 dmo VUdguu n u 9$ 

— — — iir'ir 



^ u^'u'' (25) 

mo ds 2<I) dy ^ dxf^ 

We notice that although the mathematical description of massless particles differs from that of 
massive particles, the last two equations can be readily obtained from ((T7|) and (fTH)) just by setting 
{dy/ds) = (V0/$). 

The conclusion from this section is that the effective mass observed in AD can be computed 
from (|12j) . where the action is obtained as a solution of and therefore it transfers to AD the 
information of the details of the motion in f>D. Another general result is the equation for the 
variation of rest mass along the trajectory in AD, which is given by (|18|) or (|25|) . 

From a physical point of view, this is important because it shows that the variation of mass mg 
is not an artifact of a poor choice of coordinates or parameter in the geodesic equation, but it is an 
effect from the extra dimension. We also presented a clear four-dimensional interpretation, of the 
geodesic motion of massless particles in bD for both, spacelike and timelike extra dimension. 



8 



3 The motion observed in 4D 



The interpretation in 4D, of the geodesic motion of test particles in 5D, is usually complicated 
and obscured by the necessity of working with different affine parameters along the trajectories in 
AD and 5D. As a consequence certain physical quantities seem to depend on the specific choice of 
parameters. In particular, the changes of mg, may be finite or zero j27j . 

In this section we present a 4Z) interpretation, of the motion in 5D, based on the Hamilton- 
Jacobi equations and H12|) . This interpretation has the advantage of being free of the com- 
plications and ambiguities of the geodesic approach. We give an explicit example showing how to 
obtain the observed rest masses and trajectories in 4D from 5D. 



3.1 Trajectories in 5D confined to hypersurfaces y = constant 

In this case, from (|10)) and (|18j) it follows that mo = \/0M(5) = const, along the motion. In 
particular, a massless particle in 5D is observed as a massless particle in 4D. Notice that and 
(|12|) become identical to each other for P4 = —(dS/dy) = 0. Thus, the four-dimensional part of 
the equations of motion in 5D is the usual geodesic equation in 4Z). 

The question arises of what are the physical requirements to keep the motion of a test particle 
confined to the hypersurface y = const. 

Several workers have noted that, in general, this confinement requires the introduction of non- 
gravitational forces. There are a number of methods to derive these forces. Among them, the 
method of Lagrange undetermined multipliers [^H] , ■ 

However, the answer is provided by our equation (fTTj) . In order to have dPi/ds = 0, and 
thus prevent the particle from picking pick up momentum along the extra dimension, the non- 
gravitational force should be 

fiextra) ^ ^ d{^g^,] 



r. o W'u''. (26) 
mo 2n dy ^ ^ 

It is orthogonal to spacetime and therefore not directly measurable by an observer in 4:D. However, 
Seahra recently showed that it plays an important role in spinning particles in 5D. In a 
covariant form, this force becomes 



(extra) 

^ {K^.u^^unriA. (27) 



/.(extra ) 

J A _ ^ 



niQ Q 

The effect of this non- gravitational force is that, the five-dimensional motion of a particle moving 
on the hypersurface y = yo is observed in 41) as a particle of constant rest mass (jlOj) . moving 
^^freelif under the influence of the gravitational field g^^, . This is a general result obtained without 
imposing any assumptions neither on the spacetime metric g^i, nor on the warp factor Q. 
In the absence of non-gravitational forces, the necessary condition for confinement is 

K^^u'^u" = 0, (28) 

that is u^^u^{dVlg^jy/dy) = 0, which does not imply K^^^ = 0, in general. Indeed, (|28() is a bilinear 
combination between the components of the four-velocity, which should be interpreted as a con- 
straint equation. This constraint has to be solved simultaneously with the AD geodesic equation. 
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However, it is not possible to solve the geodesic equation subject to Kapu'^w = in general sit- 
uations. Arbitrary hypersurfaces will have non-trivial curvature that precludes such a possibility 
j42| . For example, the geodesies of Euclidean 3-space are straight lines, which cannot be confined 
to an arbitrarily curved 2-surface like a sphere. 

In higher-dimensional theories the question of which metric frame is the correct representa- 
tion of our four-dimensional spacetime is a question of practical importance. In the absence of 
non-gravitational forces, the condition of confinement requires test particles to move on those hy- 
persurfaces where the geodesic equation can be solved subject to K^pu^^u^ = 0. Such hypersurfaces 
do not necessarily coincide with the y = yo hypersurfaces. Our conjecture is that the choice of the 
metric frame in 4D should be limited by the condition of confinement, without introducing non- 
gravitational forces. 

If neither of the above conditions H27|) . H28|) are satisfied, then nothing prevents a particle 
initially having P4 = from picking up some momentum along y. 

Consider for example a massless particle initially moving in 5D with P4 = 0. An observer in 
4D perceives this motion as a massless 4Z) particle too. However, as soon as P4 7^ 0, the 41) rest 
mass is not longer zero. Indeed, Q requires mo = 

Thus, an observer in 4Z) witnesses the "spontaneous creation" of a pair of particles of equal 
mass and opposite momentum along y, viz., P4 = ibmo^*/V^- 

3.2 General motion in 5D: trajectories with y 7^ constant 

This is the case where the five-dimensional motion has non-vanishing velocity along y, i.e., P4 7^ 0. 
This is important from an observational viewpoint because, in general, according to (|18jl the rest 
masses of particles measured by an observer in iD, vary along the trajectory. 

The effective rest mass measured in AD is given by (|12|) . where the action S is the solution 
of the five-dimensional Hamilton- Jacobi equation Therefore, it implicitly contains the effects 
due to the large extra dimension and the scalar field. These effects are explicitly shown in (fT8|l or 

The conclusion from the above discussion is that the observations in AD depend on (i) the mass 
of the particle in 5D, (ii) the character of motion in 5D, and (iii) the nature of the extra coordinate, 
i.e., whether it is spacelike or timelike. 

3.3 Trajectories in a cosmological setting 

Here we examine the motion of a particle in a five-dimensional background which is used to embed 
standard spatially fiat FRW models in 5D. Our aim is twofold. Firstly, to show the diversity of 
scenarios in 5D and illustrate in practice how they lead to various physical observations in 4D. 
Secondly, to confirm that the mass observed in 4Z), and indeed the whole description, is independent 
and free of the parameters used in the geodesic method. 
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3.3.1 The five-dimensional cosmological metric 

We consider the motion of test particles in the background metric ^] 

dS^ = y'dt' - ^^^2 ^ ^2(^02 ^ g.^2 ^^^2)] _^2^^_ „)-2^2^y2^ (29) 

where a is a constant, y is the coordinate along the extra-dimension and t,r,6 and (p are the usual 
coordinates for a spacetime with spherically symmetric spatial sections. This is a solution to the 
five-dimensional Einstein field equations, with ^^^Tab = 0. In what follows we assume that = 1, 
that is we make no distinction between the induced metric in 41) and the metric of the physical 
spacetime. 

In four-dimensions (on the hypersurfaces y = const.) this metric corresponds to the 41) Friedmann- 
Robertson- Walker models with fiat 3D sections. The energy density peff and pressure peff of the 
effective AD matter satisfy the equation of state 

Peff = npeff, (30) 

where n = (2a/3 — 1). Thus for a = 2 we recover radiation, for a = 3/2 we recover dust, etc. 

In spherically symmetric fields test particles move on a single "plane" passing through the 
center. We take this plane as the 6 = 7t/2 plane. Then, the Hamilton- Jacobi equation, for the 
metric (|29p is 



1 fdS\ 



2 



- 



ds_y ]_fdS\' 
dr J r"^ \d(t) ) 



'^^Vd^j -^(5)- (31) 



y^ \dt J t'^/r^y2/(i-a) 
Since ^ is a cyclic coordinate, it is clear that the action separates as 

S = Si{t,y) + S2{r) + L4>, (32) 
where L is the angular momentum. Thus, we obtain 

1 (dSiV _ _ {I -a? (dS^\' _ , 

y-'Kdt ) t2/ay2/(l-a) ^.2^2 ^ Qy ) '""H^Y ^^^) 

and 



dr ) r2 



+ ^ = A;" > 0, (34) 



where k is the separation constant. If it is zero, then the particle is commoving (or at rest) in the 
system of reference defined by (|29jl . 

From H12|l we obtain the rest mass, as measured in AD, as follows 

2_ 1 (dSi\^ e 

"^''y-^ydtj t2/ay2/{l-a)' (^^^ 

which has to be evaluated at the trajectory y = y{t). Thus, for any given solution of (|33j) we 
can calculate the corresponding rest mass observed in AD. This prescription is totally free of the 
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ambiguities, typical of the approach where the rest mass in 4Z) is obtained from the dimensional 
reduction of the geodesic equation in 5D. 

We now proceed to consider different physical scenarios allowed in (|33|). It should be noted 
that the background metric H29() has recently been considered in Ref. in the "classical" context 
where P4 can be identified with the electrical charge. 



3.3.2 Confined motion 

In the case where P4 = —{dS/dy) = 0, equation requires y = const, and the effective rest 
mass observed in AD is mo = Af(5) , as expected. 

There are two possibilities. Namely, either the particle is at rest (A; = 0), or it is somehow 
moving in spacetime {k ^ 0). In order to isolate the effects of the extra dimension, from the effects 
due to the motion in spacetime, we will consider k = 0. Thus, from (|35|) we get 

Si = -moyot. (36) 

Consequently, Pq = —{dS/dt) = rrioyQ and = rriQ/yQ. Thus = d^/yo, which correctly 
satisfies gfj^pU^vy = 1. In this case, the non-gravitational "force" needed to keep the particle on the 
hypersurface y = yo is /j^''''*™) = -{'nio/yo)5\. 

3.3.3 General motion of massive test particles: Af(5) / 

For a particle at rest in spacetime (A: = 0), from (|33l) one can easily get 

Si{t,y)=±^^B=yt. (37) 
\J Za — 1 

Consequently, 

mo = ^==, Pa = ±mot. (38) 
\J la — 1 

Here the rest mass is constant in time, because of the mutual cancelation of the change induced by 
the term {dgf^i,/dy)u'^u'^ and the change induced by the scalar field. However it does depend on 
the epoch, that is on a. Now, using 



we obtain 



and 



dt a 

ds = ^W^i^ 

dS aty/2a - 1 ' ^ ' 
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From these expressions we evaluate dy/dt and integrate to obtain 

y = Df-(i^")V"^^ (42) 

along the trajectory, where Z? is a constant of integration. From here we obtain dy/ds as follows 

dy 1 dy (1 — a)^ 



ds y dt a^t 



(43) 



Also we find the four-velocity u^^ = S^/y and = |(a — l)/a|. The proper time r along the 
trajectory is given by dr = y{t)dt. Thus, from H42() . we get r ~ Consequently, in this 

case, mo is a constant and P4 ~ r° 

3.3.4 General motion of massless test particles: Af(5) = 

In this case the trajectory in 5D is along isotropic geodesies. These are given by the Eikonal 
equation, which is formally obtained from the above formulae by setting -/W^(5) = in H33|). According 
to the above discussion, there are two different physical possibilities here. They are P4 7^ 0, or 
Pa = 0. 

Firstly we study the case where M(5) = and P4 7^ 0. For the same reason as above, we consider 
k = Q. Then, equation (|33j) separates and, we obtain 

5i = C7t±'y±W(i-")^ (44) 

where C is a constant of integration and / is the separation constant. Using H12|) we find the rest 
mass 

mo = |/||C7|t-i±'y-i±W(i-")^ (45) 

which has to be evaluated along the trajectory. Now in ()39() instead of the derivatives M^^^-^d/dS 
we have to write derivatives d/dX, where A is the parameter along the null geodesic. Thus, we find 

^ = ^C/t(-i±')y(-2±W(i-«))^ (46) 
dX 

and 

^ = ±C/i^t(-2±0y{-i±W(i-")). (47) 
dX a 

Since dt/ds = 1/y, from (gSJ and ^ it follows that 

CI 

Consequently, from (|17|) 

dy_^_ {I -a) 

ds at ' ^ ' 
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as expected. From the above expressions we evaluate dy/dt and integrate to obtain y = Dt^" ^^Z*^. 
Consequently, in this case we find P4 and thq as follows 

mo = (50) 

where A is expressed through the other constants as A = |C||/|L'(~^^'"/("^~"^-*. Notice that, (|22|) is 
identically satisfied by virtue of 

For the proper time we find r = {Da/{2a - Thus, here P4 ~ r(i~°)/(2"-i) and 

niQ ~ r~^. Again, we notice the advantage of our approach here, namely that neither ttiq nor P4 
(nor their variations) depend on the choice of parameters used in the geodesic description of the 
5D or 4:D motion, as one expected. 

Secondly we study the case where -/Vf(5) = and P4 = 0. In this case the motion, as observed in 
4D, is lightlike and, therefore, k must be different from zero. The left hand side in (|35j) is mo = 0. 
This equation is equivalent to fc^/c^ = 0, where is the 4D wave vector. Since P4 = 0, it follows 
that y = const along the motion. Therefore, the frequency uj = —dS/dt of the "induced" photon is 

w ~ r^i/". (51) 



3.3.5 Spacelike {dS^ < 0) trajectories in bD 

Finally, for completeness we mention that for a spacelike extra dimension (e = —1) there is one more 
possibility left here. Namely the motion in 5-D with dS"^ < 0. In this case replacing -^(5) — > — 

we obtain the same expressions as in section 3.3.3, but with M instead of M(5) and \/l — 2a instead 
of \^2a — 1. Thus, a five-dimensional spacelike interval {dS'^ < 0) can be interpreted by an observer 
in 4D as a test particle with positive effective rest mass {ds^ > 0). This is a pure consequence of 
the motion in 5D along the spacelike extra coordinate. We also notice that the metric p9j) with 
a < 1/2 describes inflationary models that expand faster than the standard FRW ones. 

The conclusion from this section is that the Hamilton-Jacobi formalism allows us to give a 
complete description of the motion in 5D and 4D, including the explicit evaluation of the effective 
rest mass and trajectories in AD, without having to deal with the details, and ambiguities, associated 
with the splitting of the five-dimensional geodesic equation. 

From a physical point of view, our model exhibits an interesting behavior. Namely that dy/ds ~ 
for both scenarios in 3.3.3 and 3.3.4 (equations (|43|) and (|49|) ). Which means that, although 
particles move in the extra direction, their motion becomes confined to some y = yo hypersurface 
asymptotically ast^oo. On such hypersurface the metric (|29)1 corresponds to the 41) FRW models 
with flat 3D sections. Therefore, this is a good physical property, consistent with the paradigm 
that the matter is conflned to our four-dimensional spacetime. 
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4 Forces in brane- world, STM and other non-compact 5D theories 



So far we have learned how to get the effective mass and trajectories in 4D from the geodesic 
motion in 5D. We now turn our attention to the dynamics observed in 4D. It is clear that the bulk 
geodesic motion of a test particle is observed in 4L> as the motion of a particle under the influence 
of a non-gravitational force. 

In special relativity the four-force acting on a test particle is defined by 

i^'^ = ^ = ^("^o«'^). (52) 



In curvilinear coordinates the generalization of (|52j) . in contravariant notation, is 

Dp^ dp^ 
ds ds 

and in covariant notation it is 



Dp^' dp'' ^ „ ^ 



Since w'^n^ = 1, it follows that the acceleration = Du'^/ds = g'^'^ Duy / ds is orthogonal to the 
four-velocity. If the rest mass is constant, then F^u^ = 0. Therefore, the variation of rest mass is 
observed as a force acting parallel to the particles's four-velocity, namely, 

= (55) 

II ds 

In this section we consider the same scenario as in sections 2 and 3. Namely, the geodesic motion 
of test particles on 5D manifolds like those used in brane-world, STM and other non-compact 5D 
theories. Our aim is to provide the appropriate expression for the non-gravitational force perceived 
by an observer in 4D. 

Our advantage here, with respect to previous work on the subject, is that we have an explicit 
invariant equation, namely (|18|) or H25() . for the variation of rest mass along the particle's worldline. 

First, we demonstrate the flaws of (|53|) and (|54|) when applied to non-compact Kaluza-Klein 
theories. Second, we offer a new definition of force which exhibits good physical properties and 
appropriately takes into account the variation of rest mass. 

4.1 Testing the definitions 

Let us start our discussion by testing how well or how bad the "classical" definitions and H54|) 
work when applied to some particular five-dimensional motion. 

The simplest test is to apply the definitions in the scenario where the particle moving in 5D is 
perceived by an observed in 41) as a particle of constant rest mass rriQ. 

Such a scenario is provided by the solution discussed in section 3.3.3, for which rriQ = aM(5) / \/2a - 
Substituting n'^ = S^/y, and using (j^H), into we easily get 



- II - ^ - 2 ^ - ^ ■ (56) 

mo II mo ds ds y ds 
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This is an unexpected result, because niQ is constant here and we should have obtained Fj^ = 
instead, as predicted by (|55() . For the case under consideration, the right hand side of (|56|) can be 
written as 

-^F,^ = -^^u-n^^, (57) 
mo " 2 oy ds 

which exactly coincides with the so-called fifth- force^ . 
If we now substitute = y5^ into H54|) we obtain 

J_F ^ J_£Pt ^gody ^Uf^dy^ 
mo "'^ mo ds ^ ds y ds 

The non- vectorial properties of -F||^ and/or Fy^, given by ()56() - H58|) . are immediately obvious. Firstly, 

u^F^^ + u^F\\^. (59) 

Secondly, 

^llM ^ (60) 

In conclusion, (|53|) and (IHIj) lead to a force, parallel to li^, with two surprising properties that 
we regard as deficiencies. 

The first one is that F^ is not a four-vector. This has recently been discussed, for constant rest 
mass, in the literature Uni; P^ - 

The second property, is that (|5T|) is noi related to the change of rest mass, because we anticipated 
-Fif = for mo = const. 



4.2 Properties of F"^ = Dp" jds and F„ = Dp^/ds 

We now proceed to show that the abnormal properties of Fj^ and -Fy^, are not particular to the 
model discussed above, but are generic properties of Dp'^ /ds and Dp„/ds. 

The usual approach for obtaining the equations for the four velocity of a test particle is to 
decompose the five-dimensional geodesic equation into a AD part and a part governing the motion 
in the extra dimension. Then, the set of equations in AD is manipulated to isolate an expression 
for Du^^ /ds. 

In what follows we set = 1. This simplifies the notation and does not affect the generality of 
the discussion. 



4.2.1 Computing F"" = Dp" /ds 

For the line element © we obtain j25j . |33j 

^See for example page 166 in Ref |17) . 



16 



where ^-a = Va*^- Now using ((TH|) and 



P = —J— = "^0—1— + u -J—, (62) 
as as as 

i-^ - -g-'u^^^ + e^<^>- (^y. (63) 



we obtain 

mo ds ^ dy ds ' \ds, 
If we set $ = constant, this expression reduces to equation (55) in Ref. j23j with 17 = 1. The force 
(|63j) has a component parallel to u'^ which is given by'^ 

—F" = - — ^u''u^^ + —^. (64) 
mo " 2 (?y mo ds 

Notice the similarity between this equation and (|57() . It is clear that the first term, which is identical 
to the fifth force in (jSTJ, is present all the time regardless of whether mo is constant or not. In 
other words the fifth force term in and is a geometrical term not related to the variation 
of mass. 

4.2.2 Computing F„ = Dp^/ds 
The same procedure for yields 

Again, using 1)18(1 and 

Dpa Dua , dmo 

Fa = = "T-O— } \- Ua—l—, (66) 

ds ds ds 

we obtain ^ 

mo ds ''^ (ds) ^ 

We immediately notice that ((63|) and (|67|) appropriately reproduce the previous expressions (|56|) 
and ()58() . for the metric ()29() and dy/ds from ()43() . 

The above expressions show that, in general, F'^ = Dp^ /ds and Fq- = Dp„/ds satisfy non- 
vectorial relations similar to those in (|59|) and ()6fl|) . In addition, 

F.^.„.F^./^|f|. (6S) 

Thus, they behave as contravariant and covariant components of a four-vector only in classical 
Kaluza-Klein theory, where the "cylinder" condition {dg^v/dy) = is imposed. This result extends 
the previous studies , [2^1 ■, [H] to include the variation of the rest masses of particles as observed 
in AD. 

The new and surprising result here is that the fifth force is not related to the variation of mass 
because it does not vanish even when the mass mo is constant. 

^The parallel component of (55) in Ref. 123] differs from the one in Ref. |17| by a factor 1/2. 
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4.3 The extra force in Kaluza-Klein theory without cyhndricity 



This is the scenario in membrane theory and STM, where the five-dimensional metric is allowed to 
depend explicitly on the extra coordinate. 

What we have seen so far is that the use of definitions H53() and (|54() in non-compact Kaluza- 
Klein theory leads to a force whose properties contradict usual physics in 4L). Some authors argue 
that these unusual properties, and the corresponding violation of the laws of physics in 4Z), are 
inevitable consequence of large extra dimensions jl2] j ) HH • 

However, this interpretation is not unique, and an alternative point of view is possible. In order 
to see this, let us examine the roots of these unusual properties. 

Firstly, notice that Dg^j^i, / 0. Indeed, 



dxP + 



dy 



(69) 



The term in square bracket is the absolute differential in 4D, which we will denote as D'^^\ For 
which D^^'ig^p = 0. Consequently, 



^9^ 



pv 



dy 



dy, 



Dg' 



pv 



_gPXgUpd^^y_ 

dy 



(70) 



These expressions serve to prove the consistency between and or between and (|H7)) . 
Secondly, notice that u^Du^ ^ 0, u^Du^ ^ 0, and u^Du^^ ^ u^Du^. In fact, from (|61j) we find 



Un 



Du'^ du" dy 



ds 



dy ds 



0, 



where 



2 



• d9al3 a 
-U 



(71) 



(72) 



dy 2 dy 

which can be easily calculated in the comoving frame where u^^ = (^o/y^5oOi or can be obtained 
from "first principles" as in Refs. 25^ and |33j . A similar expression can be obtained for (|65|). viz., 

' Dua duo- dy' 



u 



ds 



dy ds 



0. 



(73) 



The above formulae seem to be incompatible with the usual properties of the metric and four- 
velocity in general relativity and compactified Kaluza-Klein theory. However, if we define D^'^\ the 
"operator" for absolute differential in 4D, as 



= D 



dy 



(74) 



then, the above equations can be cast into a more familiar form. Namely D^^'^g^y = D^^^g^^'^ = 



and n^Z)(^)u^ 



w 



0. 



What comes out from the above discussion is the suggestion that we can eliminate the contra- 
dictions and unusual properties of the extra force by making a "small" reinterpretation of (|53|) and 
(El- 
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4.3.1 New definition for the extra force 

Thus, the above equations do not contradict physics in 4D if we interpret them appropriately. We 
propose to define the four-acceleration through D^^'^u^ instead of Du^, namely, 

This is consistent with u^a'^ = n^a^ = 0, although n^jDu^ ^ u^Du^ ^ 0. Also, since 

9fii^ = 0, 

we have = ga^j.a'^-, as desired. 

Moreover, as a consequence of (|72|). with this definition we take away the spurious parallel 
acceleration (force per unit mass), which is not related to any change of mass in (|57j) and the first 
term in ()64|). Namely, 

fi^ = F^'-mo — -f = mo—. + ^^^-7^- 76 

oy as as as 

Here and in what follows we use lower case / to denote this "new" definition of force. The explicit 
form of this force is as follows 

J-r = eM^P - u^^^y] + [u'^uP - g^u'^^ + (77) 

mo \as J oy as mo as 

For the covariant components we find 

- - (1)^ . - ^21-^^1 . (TS) 

Notice that in our version the contravariant and covariant components of the force satisfy the usual 
requirements for four- vectors. The last term in the above formulae extends our previous results 
j25j . |33j to include the variation of the rest masses^ of particles as observed in AD. 

To summarize, a massive bulk test particle (M(5) 7^ 0) moving freely in a five-dimensional 
manifold is observed in AD as a massive particle (mo 7^ 0) moving under the influence of the force 
given by (|77j) and/or (|78j) . It contains three distinct contributions, viz.. 



where 



/"-/^i+ZiL + Zf, (79) 
i-/.^ = .*H."-„"*Xl(S)'. (80) 

;^/;. = K.-»-i.,^^|. (81) 



and from (fTH|l 



-/,r 

mo " 



1 A pdgxpdy )^d^ (dy\ 

2 oy ds ox^ \ds J 



(82) 



*We note that in i25i and 33 the point in discussion is the lack of vectorial properties of 1531 and 15411 when 
applied to non-compact Kaluza-Klein theories. Therefore the mass mo was taken as constant. 
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All these terms have to be evaluated along the trajectory. 

Now, the bulk geodesic motion of a massless particle (M(5) = 0) with dy/ds 7^ is observed 
in AD as the motion of a massive particle (ttiq 7^ 0) under the influence of the force given by H77|) 
and/or (f75|) with dy/ds replaced by 1/$. 

The first two terms /^^ and f^^ have already been discussed in [^Hl, They are orthogonal 
to the four- velocity and therefore are not related to the change of rest mass. In the case of no- 
dependence of the extra coordinate (f77j) and ((75)) become identical to and (|H7|) with dgap/dy = 
0. Consequently, there is complete consistency between the new expressions for the extra force and 
previous results in the literature. 

The conclusion from the above is that the force from an extra non-compactified dimension does 
not necessarily contradict physics in AD. We propose our equations (f77|) and (|78|) . instead of the 
abnormal force (|63() and ()67() , as the correct expressions for the force from a non-compactified extra 
dimension. 



4.4 The new definition at work 

Let us now consider the scenario discussed in section 3.3.3. In this case = 0, fgj_ = 0, and 
because niQ is constant we get = 0. Which is what we expected from a physical point of view, 
instead of the unphysical prediction given by and/or if^ . 

For the solution in section 3.3.4, again f^j_ = 0, = 0, but now fj^ / 0, viz., 



^ (1 - 2a) 
mo at 



u^. (83) 



We note that the variation of rest mass niQ provided here (and in section 3) occurs on cosmic 
timescales. Therefore, this force would be very small as to be observed in a direct experiment. Our 
aim here has been to illustrate what we can get from the theory rather than to formulate explicit 
experimental suggestions. The application of the formalism discussed here to other five-dimensional 
scenarios may lead to concrete observationally or experimentally testable predictions. 



5 Summary and conclusions 

In this paper we have provided a comprehensive discussion of how an observer in 4Z? perceives 
the five-dimensional geodesic motion of test particles. We discussed three aspects of the dynamics 
in 4D; (i) the effective mass mo, (ii) the trajectories, and (iii) the extra non-gravitational forces 
observed in 4L>. 

Conventionally this topic is examined exclusively on the base of the splitting of the five- 
dimensional geodesic equation. Here we have used the geodesic equation but introduced a new 
element in the discussion which is the Hamilton-Jacobi (HJ) formalism. 

Since the mass of the particle does not appear anywhere in the geodesic equation, in section 
2 we used the HJ formalism to provide a practical equation, namely (|12|) . for the computation of 
mass in AD. In that equation we use the action S which is the solution of the five-dimensional HJ 
equation. Therefore, it transports from 5D to AD details of the extra dimension and information 
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of the higher-dimensional motion. Consequently, the mass calculated in 41) from ()12() depends on 
the signature of the extra dimension, the motion in the bulk and on whether the particle in 5D 
is massive or massless. Next we used the fourth component of the geodesic equation to obtain an 
explicit expression for the variation of rest mass along the particle's worldline, as observed in 4D. 

The advantage of our formulation is that the mass and its variation are independent of the coor- 
dinates used and free of other ambiguities associated with the details of the dimensional reduction 
of the geodesic, which are clearly not unique |22j. Thus, we can claim here that variable rest mass 
niQ is not an artifact of a poor choice of coordinates or parameter used in the geodesic description, 
as discussed in |27j . but it is a four-dimensional manifestation of the extra dimension. 

In section 3.1 we discussed the trajectories in 5D confined to y = const, hypersurfaces. It 
is clear that, in general, non-gravitational forces acting in the bulk, orthogonal to spacetime, are 
needed in order to keep the particles moving on such hypersurfaces. But the introduction of force 
fields, other than gravity, living in the bulk seems to be in opposition to the initial spirit of the 
theory. On the other hand, given a metric in 5D we do not know what is the metric frame that 
appropriately represents our four-dimensional spacetime. Therefore we conjecture that the choice 
of the metric frame on which the 4D theory lives should be limited by the physical condition of 
confinement, without introducing non- gravitational forces. 

In section 3.2 we discussed the general, not confined, motion in 5D. With the purpose of 
illustration, in 3.3 we examined the motion of massive and massless test particles in the bulk 
cosmological metric (|29|) . Our analysis clearly illustrates the variety of physical scenarios and the 
simplicity of the HJ method for the calculation of the corresponding masses and trajectories in 4D. 
The explicit scenarios considered in 3.3.3 and 3.3.4 present the property that, although the motion 
is not assumed to be confined, it becomes confined to 41) spacetime asymptotically in time. This 
is an intriguing feature because the 5D metric (|29() embeds the flat FRW models. This raises the 
question of whether this feature is not a common one among higher-dimensional embeddings of our 
4D world. If this were so, the confinement of matter to spacetime would come out automatically 
from the physics, without imposing extra conditions (or introducing non-gravitational forces). The 
application of the formalism to other embeddings should help us to clarify this question. 

A test particle moving geodesically in the five-dimensional manifold is perceived in 4D to be 
moving under the infiuence of an extra force. In section 4.1 we demonstrated, by means of an 
explicit example, that the quantity calculated from (|53j) and/or (|54jl contradicts basic physics in 
4D. In particular, Fj^ is not produced by the variation of mass, because in 4.1 the mass observed 
in 4D is constant. Then in 4.2, we showed that this contradictory behavior is not limited to the 
scenario in 4.1, but it is a generic one. 

Thus, we claim that ()53|) and ()54() are not applicable for the case of large extra dimensions. 
They lead to wrong results by two separate reasons. First, in this case they do not represent 
the components of a four- vector. Secondly, the mass and/or its variation are not appropriately 
implemented, as evidence (|5()|) and l|58|) . This is not surprising because in previous work concerning 
this force there is no explicit computation of the rest mass or its variation along the particle's 
worldline. 

In section 4.3 we constructed the correct definition for this force as measured in 4D. We have 
seen that although u^Du^ ^ u^Du^ ^ and Dgf^i, ^ 0, the equations are consistent with the usual 
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properties u^D^'^^u^ = u^D^^^u^^ = and D^'^^ g^j^^ = 0, provided the absolute derivative in 41? is 
defined as in ((TIJ. This definition allowed us to get rid of the parallel term u'^{u°'u^dgaf3/dy), 
which was initially associated to the fifth force, but is not related to the change of mass. The 
final expressions for the extra force are provided by ((77|l . (f75)l . They satisfy appropriate physical 
conditions and extend previous work in the literature HH] and |33j . 

In our approach, in order to calculate we first find the five-dimensional action from 
then from (|12|) we obtain mo as a function of coordinates. Next we calculate dnio/ds and evaluate 
the final expression along the trajectory. The result depends on the details of the motion in 5D. 
An example of this procedure was shown in section 4.4. 

We notice that in our discussion the underlying physics motivating the introduction of a large 
extra dimension was nowhere used. Neither, the physical meaning of the extra coordinate. There- 
fore, our results are applicable to brane-world models, STM, and other 5D theories with a large 
extra dimension. In STM and in the thick brane scenario the 5D manifold is smooth everywhere 
and there are no defects. 

In the RS2 brane-world scenario [51 our universe is a singular 4D hypersurface and the derivatives 
dg^u/dy are discontinuous, and change sign, through the brane. However, the discontinuity is not 
observed 26' and effective 4L) equations can be obtained by taking mean values and applying 
Israel's junction conditions through the brane |24j . 

In summary, our work provides a unified approach for the discussion of mass, trajectories and 
forces acting on test particles. Important new results here are (i) the invariant definition of mass and 
the equation for the variation of mass along the particle's worldline in 4Z), (ii) the new definition for 
the extra forces which does not contradict physics in 4L), and (iii) the characterization of motion 
in 41) and 5D without having to deal with the ambiguities associated with the splitting of the 
geodesic equation. The latter allowed us to confirm and give an improved description of many 
results previously obtained in the literature. 
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